INTRODUCTION
Many phenomena observed in nonlinear dynamics when passing from order to chaos are often related to a chain of bifurcation modes: stationary (equilibrium point) -periodic (limit cycle) -quasiperiodic (torus) -chaotic (strange attractor). Compact invariant manifolds are a common mathematical model to analyze various dynamic conditions and passages in between. Each such passage is accompanied by buckling of a simple manifold and by the birth of a new, more complicated, stable manifold. The stability analysis of the corresponding invariant manifolds is a key to understanding the complicated behavior of nonlinear dynamic systems.
Studying compact invariant manifolds of dynamic systems draws attention of many scientists. The results of the stability analysis of manifolds under small perturbations and topological equivalence of two dynamic systems coinciding on a manifold are presented in [1] [2] [3] [4] [5] . Theory of random systems addresses various types of stochastic stability. One of the major fields in the stability analysis is the technique of Lyapunov functions, widely used by many authors to analyze the stochastic stability of equilibria (see, for example [6] [7] [8] [9] [10] [11] ).
The method of orbital Lyapunov functions with the use of quasipotential is applied in the stability and sensitivity analysis of stochastically perturbed limit cycles [12, 13] . This method was used to describe in detail the stochastic attractors in period-doubling bifurcations zone and to analyze the passages caused by the noise [14, 15] .
The purpose of our study is to present a new general spectral criterion of exponential mean square stability (EMS stability) for stochastically perturbed invariant manifolds of nonlinear systems.
Below we present the necessary theoretical information from [16, 17] and introduce the concept of systems of linear expansion for invariant manifolds of deterministic systems and the term of Ð-stability.
It is rather difficult to analyze the stability by analyzing the solvability of the respective Lyapunov matrix equation, especially in near-critical cases. Efficient criteria for the stochastic stability of equilibrium for linear systems with constant coefficients are obtained in [18, 19] with the use of the spectral theory of positive operators [20] for the analysis of the EMS stability of general invariant manifolds. A parametric criterion of the EMS stability is found. The stochastic stability analysis is reduced to estimating the spectral radius of some positive operator.
A detailed spectral analysis of this operator for the important case of a manifold of codimension one is given. The developed general theory was applied in the EMS stability analysis of stochastic limit cycles of limit and invariant tori. Explicit parametric criteria are presented.
EXPONENTIAL STABILITY OF INVARIANT MANIFOLDS
Let us consider an autonomous nonlinear system of ordinary differential equations
where f x ( ) is a sufficiently smooth vector function. System (1) is assumed to have a smooth compact invariant manifold M n Ì R [1, 2, 5] . For some neighborhood U of the manifold M the function has the form
where || || × is a Euclidean norm, g( ) x is the nearest (to x) point of the manifold M,
is the vector of the deviation of x from M. The neighborhood U is assumed to be invariant for (1). Function g( ) x can generally be multivalued. Considering the stability problems, we cam assume the neighborhood U sufficiently small, the functions g( ) x and D( ) x being single-valued and smooth in U. The classical deterministic theory of stability of equilibria and limit cycles employs the structures of systems of the first approximation such as linear expansions for general invariant manifolds [3, 4] .
For (1) the system of linear expansion has the form
where
For each x M Î denote by T x the subspace tangent to M in x, and by N x the orthogonal complement to T x in R n . If dim M s = , then dim T s x = and dim N n s x = -. Let P x be the operator of orthogonal complement on the subspace N x . Let us introduce a space S of symmetric (n ń )-matrix functions V x ( ), defined and sufficiently smooth on M, with the condition
Considering (3), for elements V Î S we have rankV x n s
In the space S , consider a cone (2) with 
The following theorem from [16] is true. It reduces the problem of exponential stability of a manifold to the analysis of the problem of resolvability of Lyapunov equation. THEOREM 1. The following statements are equivalent: -the compact invariant manifold M of system (1) is E-stable; -system (2) is P-stable;
Let us consider the stochastic stability. A standard model in the stability analysis of the deterministic system (1) against the influence of random perturbations is a system of stochastic Ito equations [8] :
where w t r ( ) ( , , ) r m = 1 K are independent standard Wiener processes, f x ( ) and s r x ( ) are sufficiently smooth vector functions. For the manifold M to remain invariant for system (5) as well, we put
Let the neighborhood U be invariant for stochastic system (5) 
1 R ,
Because of (6) the matrix functions S x r ( ) are singular:
Definition 5. The stochastic linear expansion (7) is called exponentially mean square P-stable (P-stable) if for some K > 0 and l > 0 the condition
is satisfied for all t > 0 , where ( ( ), ( )) x t z t is the solution of (7) with the initial conditions ( ( ), ( )) ( , )
Let us consider the theorem that establishes the equivalence of the EMS stability of stochastically perturbed manifolds and the problem of solvability of the corresponding Lyapunov equation.
THEOREM 2. The statements below are equivalent: -the compact invariant manifold M of system (5) is EMS-stable; -system (7) is P-stable;
The proof of the theorem is presented in [17] .
SPECTRAL CRITERION OF STOCHASTIC STABILITY
Theorem 2 reduces the stochastic stability analysis of the manifold M to the analysis of the solvability of Eq. (10) in the space K P of P-positive definite matrices.
It is rather difficult to analyze the stability by analyzing the solvability of this matrix Lyapunov equation, especially in near-critical cases. Let us consider a generalized case of efficient criteria [18, 19] , which employs the spectral theory of positive operators [20] .
Let us present the operator L from (9) . Equation (10) can be written as
By virtue of Theorem 1, for the P-stable deterministic system (2) there exists the inverse operator A -1 , which is negative with respect to the cone K. Multiplying (11) by A -1 , we obtain
where the operator P A S = --1 is also positive as the product of two positive operators: --A 1 and S .
For the space S (see (3)) with the norm || || max
the cone K is normal and bodily.
The P-stability analysis of stochastic system (7) can be reduced to estimating the spectral radius r( ) P of the operator P. THEOREM 3. The compact invariant manifold M is EMS-stable for the stochastic system (5) if and only if the manifold M of the deterministic system (1) is E-stable and r( ) P < 1.
Proof. Necessity. Let the manifold M of the stochastic system (5) 
The cone K Ì S is normal and bodily. Then (14) (Theorem 16.7 in [20] ) yields inequality (13) . Sufficiency. Let the manifold M of the deterministic system (1) be E-stable. This guarantees the existence of the operators A -1 and
. By virtue of (13), there exists the inverse operator
The operator R is positive. This means that for any
is the solution of (12). Since (10) and (12) are equivalent, the matrix V K P Î satisfies Eq. (10), which means (see Theorem 2) that the manifold M is EMS-stable. 
The manifold M for system (15) is EMS-stable for all e e < * and unstable for e e ³ * . The case r = 0 means that system (15) is EMS-stable for all e ³ 0 . Remark 3. If the case where it is difficult to find exactly the spectral radius r, its two-sided estimates are of interest: r r r 1 2 < < . Indeed, the inequality r 2 1 < provides the sufficient, and r 1 1 < the necessary stability condition. The difference r r 2 1 -may be a measure of the robustness of these stability conditions.
SPECTRAL ANALYSIS OF OPERATOR P FOR MANIFOLDS OF CODIMENSION ONE
Let us consider the case where the manifold M has dimension dim ( ) 
It follows from (16) that
where is a scalar function. Operator P A S = --1 can be written as
Along with P let us consider an operator B:
where j Î S 1 and S 1 is the space of scalar functions j( ) x defined and sufficiently smooth on the manifold M. In the space S 1 consider a cone K x
LEMMA 1. The operators P and B have identical spectral radii: r( ) r P B = ( ).
Proof. Let r r = ( ) P be the eigenvalue corresponding to the eigenfunction V of the operator P :
The equalities -=
r follow from (18) and (20) .
This equality and (19) yield B[ ] j rj = . This means that r is the eigenvalue, and j is the eigenfunction of the operator B.
Hence, r r ( ) ( ) B P ³ . Let us prove the opposite inequality. Let r r = ( ) B be the eigenvalue, and j be the eigenfunction of the operator B:
As follows from (19) and (21)
. This means that r is the eigenvalue, and V is the eigenfunction of the operator P.
The lemma is proved. Due to this lemma, in the analysis of the EMS-stability of the manifold M in the case of dim ( ) M n = -1 the operator P in Theorem 3 can be replaced with a simpler operator B. This makes the spectral analysis of stochastic stability more constructive.
Using the matrix function
If dim ( ) M n = -1, the matrix V x ( ) has the following factorization:
, where m( ) x is a scalar function. For m and r (22) yields r m m
STABILITY OF LIMIT CYCLES
Let the invariant manifold M be a limit cycle corresponding to the T-periodic solution x( ) t of system (1). Consider the
0 T . In this case, S is the space of T-periodic symmetric (n ń )-matrices V t ( ) with the singularity
For n = 2 the EMS-stability analysis of the limit cycle M can be carried out based on Theorem 3 and Lemma 1. In this case, V t t P t ( ) ( ) ( ) = m . Using Remark 1, we can rearrange the spectral equation (23) as
where b = g P ( ). Premultiplying (24) 
) . Dividing Eq. (25) by m ¹ 0 and integrating from t = 0 to t T = , we obtain r b a = -< > < > , where
is the necessary and sufficient condition of the E-stability of the limit cycle M for the deterministic system (1).
Because of the equality < > a = < > 2 trF , condition (26) 
F t S t S t dt [ ( ) ( ) ( )] .
This criterion is a natural generalization of the classical Poincare criterion for the stochastic case.
STABILITY OF 2-TORI
Let the invariant manifold M of system (1) for n = 3 be a two-dimensional toroidal surface. Let us consider the following parametrization.
Let a closed sufficiently smooth curve (equator) q lie on M (Fig. 1) . The curve is defined by the function q( ) s on the interval 0 1 £ £ s with the conditionUsing the parametrization of the 2-torus M related to the family of solutions x t s ( , ) , let us introduce functions
V t s V x t s P t s P x t s p t s p x t s
The equalities x t s x t s x T s t s x t s ( , ) ( , ) ( ( ) , ) ( , ( )) + = + = 1 a n d t allow extending these functions to the whole plane P = -¥ < < +¥ {( , ) | , t s t -¥ < < + ¥ s }. In the case under consideration,V t s t s P t s ( , ) ( , ) ( , ) = m . Using Remark 1, we can rearrange the spectral equation (23) The resultant inequality is the necessary and sufficient condition of the EMS-stability of the 2-torus M for the stochastic system (2) for n = 3 .
CONCLUSIONS
The exponential stability analysis of the manifold has been reduced to the solvability analysis of the Lyapunov equation. However, a direct solvability analysis is rather toilful, especially in near-critical cases. The key result of the present study is the spectral algebraic criterion of the EMS-stability of general invariant manifolds obtained with the use of the theory of positive operators. A detailed spectral analysis has been carried out for the important case of manifold of codimension one. The developed general theory has been applied to the EMS-stability analysis of stochastic limit cycles and invariant tori.
